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$\int_{R^{n}}|\nabla u|^{2}dx\geq\frac{(n-2)^{2}}{4}\int_{R},$ $\frac{|u(x)|^{2}}{|x|^{2}}dx$ , $u\in C_{0}^{\infty}(\mathbb{R}^{n})$
Sobolev inequality;
$\int_{R^{\iota}},|\nabla u|^{2}dx\geq S(\int_{R},$ $|u(x)|’\cdot-dxn$ $u\in C_{0}^{\infty}(\mathbb{R}^{n})$
$n\geq 3$ $u$ $u\in W_{0}^{1,2}(\mathbb{R}^{n})$
1. V.G. Mazja (85) (in his book Sobolev spases)
1553 2007 1-16 1
$z=(x, y)\in \mathbb{R}^{m}\cross \mathbb{R}^{n}$ , $u\in C_{0}^{\infty}(\mathbb{R}^{m+n})$
$\int_{\mathbb{R}^{m+n}}|\nabla_{z}u(x,y)|^{2}d_{Z}\geq\frac{(n-2)^{2}}{4}\int_{R^{m+}’}$ . $\frac{u(x,y)^{2}}{|y|^{2}}dz$
$+C( \int_{R^{m+n}}|u(x,y)|^{\frac{2(m+’\cdot)}{m+n-2}}dz)^{\frac{m\star n-2}{m+n}}$ $(^{\exists}C>0)$ .
2. H. R.Brezis, L. Nirenberg (83)
$\{\begin{array}{ll}-\Delta u-\lambda u=\mu|u|^{\Rightarrow-}nu*2 in \Omega (bounded domain),u=0 on \partial\Omega, \end{array}$
$S_{\lambda}=$
$inf[\int_{\Omega}|\nabla u|^{2}dx-\lambda\int_{\Omega}u^{2}dx:\int_{\Omega}|u|^{\Delta}n- dx=1,u\in C_{0}^{\infty}(\Omega)]$
$S=S_{0}$ ; Sobolev best constant
$S_{\lambda}<S$ ?
$n\geq 4$ , $\lambda>0$ ; $n=3$, $\lambda\geq\exists_{\lambda_{0}}>0$





$N\geq 3,$ $\Omega\subset \mathbb{R}^{3}$ ; a bounded open set, $1 \leq q<\frac{n}{n-2}$
$\int_{\Omega}|\nabla u|^{2}dx\geq S(\int_{\Omega}u^{n}-dx+\lambda_{q}(\int_{\Omega}u^{q}dx)^{q}z$




$S$ is the Sobolev best constant, $q= \frac{2\mathfrak{n}}{n-2},$ $\alpha>1-\frac{\mathfrak{n}}{2}$
$S(p,q, \alpha, \beta, n)=$
$= \inf[\int_{R^{n}}|\nabla u|^{p}|x|^{p\alpha}dx$ : $u\in C_{0}^{\infty}(\mathbb{R}^{n}),$ $\int_{R^{n}}|u|^{q}|x|^{\beta q}dx=1]$ .
where
$\{\begin{array}{l}1<p<+\infty(1-\alpha+\beta)p<nn\geq 20<1/p-1/q=(1-\alpha+\beta)/n-n/q<\beta\leq\alpha\end{array}$
Theorem 1.1 (T. Horiuchi) (1) Assume that $0<\alpha=\beta$,
$1/2-1/q=1/n,$ $n>2$ . Then it holds that
$S(2, q,\alpha, \alpha, n)=S(2, q,0,0,n)=S$.
Moreover there exists no extremal function which attains the infimum in $W_{\alpha,\alpha}^{1,2}(\mathbb{R}^{n})$ .
(2) Assume that $\alpha>0,$ $\alpha>\beta,$ $0<1/p-1/q=(1-\alpha+\beta)/n,$ $n\geq 2$ and $1<p< \frac{n}{1-\alpha+\beta}$
Then the infimum $S(p,q, \alpha, \beta,n)$ is attained by an extremal function $u$ in $W_{\alpha,\beta}^{1,p}(R^{n})$ and this $u$
$sat\overline{i}sfies$ in distrtbution sense the equation:
$-div(|x|^{p\alpha}|\nabla u|^{p-2}\nabla u)=I\cdot|x|^{\beta q}|u|^{q-2}u$,
where I is a Lagrange multiplier.
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4. H. R. Brezis and J. L. Vazquez (97)
$1 \leq q<\frac{2n}{n-2},$ $C_{q}(|\Omega|)>0,$ $N\geq 3$ such that
$\int_{\Omega}|\nabla u|^{2}dx\geq\frac{(n-2)^{2}}{4}\int_{\Omega}\frac{u^{2}}{|x|^{2}}dx+C_{q}(|\Omega|)(\int_{\Omega}|u|^{q}dx)^{\frac{2}{q}}$ ,
$\forall u\in W_{0}^{1,2}(\Omega)$ .
$-\Delta u=\lambda f(u)$ , in $\Omega$ ,
$u=0$ on $\partial\Omega$
$f$ is
5. T. Horiuchi (02)
$n>4$ . Let $\Omega$ be a bounded domain of $\mathbb{R}^{n}$ .












6. (Adimurthi, Chaudhuri, and Ramaswamy (02))
par Let $R> \sup_{\Omega}|x|e^{\frac{2}{p}}$ , $n\geq 2$ , $1<p<n$ .




if $\gamma\geq 2$ .
When $p=n$ it holds that
$\int_{\Omega}|\nabla u|^{n}dx\geq C\int_{\Omega}\frac{|u(x)|^{n}}{|x|^{n}}(\log\frac{R}{|x|})^{-n}dx$
More references
[J. L. Vszquez and E. Zuazua, J. Funct. Anal. 173 (2000), no. 1, 103-153]
[Adimurthi, N. Chaudhuri and M. Ramaswamy, Proc. Amer. Math. Soc. 130
(2002), no. 2, 489-505 (electronic)],
[Z. Q. Wang and M. Willem, J. Funct. Anal. 203 (2003), no. 2, 550-568; ],
[B. Abdellaoui, E. Colorado and I. Peral Alonso, Calc. Var. Partial Differential
Equations 23 (2005), no. 3, 327-345]
2 Coffee break
$——A$ sharp Fatou’s $inequality——$
$f_{k}$ , $f\in L^{q}(\Omega)$ $(q\geq 1)$







Introduction 1 (Rellich type)
$\int_{\Omega}|\Delta u|^{p}dx\geq\Lambda_{n,p}\int_{\Omega}\frac{|u(x)|^{p}}{|x|^{2p}}dx$ (1)
$foranyu\in W_{0}^{2,p}(\Omega)$ , where $\Omega$ abounded domain in $\mathbb{R}^{n}$ $withO\in\Omega,$ $n\geq 3$ , andl $<p<ln$ .
Here the best constant
$\Lambda_{n,p}=n^{p}(\frac{n-2p}{p})_{\neg}^{p}(\frac{p-1}{p})^{p}$
i8 given by the infimum of
$I(u)= \frac{\int_{\Omega}|\Delta u|^{p}dx}{\int_{\Omega}^{L_{1\oplus_{p}^{p}dx}^{u}}xx}$
over $W_{0}^{2,p}(\Omega)$ .
$Mor\infty ver$ there exists no extremal function in $W_{0}^{2,p}(\Omega)$ which attainsthe infimum of the8e
problem. In view of this, we shall investigate the Hardy inequalities (1) and improve them by
finding out missing terms.
Our aim in this talk is to achieve an optimal improvement of the inequality (1) by adding a
second term involving the singular weight $( \frac{1}{\log_{T^{L}T}x})^{2}$ , in the sense that the improved inequality
holds for this weight but fails for any weight more singular than this one.
Application
As an application, we use our improved inequality to determine exactly when the first eigenvalue
of the weighted eigenvalue problem for the operator
$L_{\mu}u= \Delta(|\Delta u|^{p-2}\Delta u)-\frac{\mu}{|x|^{2p}}|u|^{p-2}u$
will tend to $0$ as $\mu$ increases to $\Lambda_{n,p}$ .
Introduction 2 (Hardy type)
$\int_{\Omega}|\nabla u|^{Pdx}\geq(\frac{n-p}{p})^{p}\int_{\Omega}\frac{|u(x)|^{p}}{|x|p}dx$ (2)
for any $u\in W_{0}^{1,p}(\Omega)$ , where $\Omega$ a bounded domain in $\mathbb{R}^{n}$ with $0\in\Omega,$ $n\geq 3$ , and $1<p<n$ .
Here the best constant is given by the infimum of
$I(u)= \frac{\int_{\Omega}|\nabla u|^{p}dx}{\int_{\Omega}\wp_{x^{p}}dx}$
over $W_{0}^{1,p}(\Omega)$ .
When $p=2$, we shall investigate the Hardy inequalities and improve them by finding out




The notations: For $t>0$ and $k\geq 2$ ,
$A_{1}(t):= \log\frac{R}{t}$ , $A_{k}(t):=\log A_{k-1}(t)$ , $e_{1}$ $:=e,$ $e_{k}$ $:=e^{e_{k-1}}$ .
Theorem 1 Let $n\geq 2,$ $k\geq 1$ and $R \geq e_{k}\sup_{\Omega}|x|$ . For any $u\in W_{0}^{1,2}(\Omega)$ , there exist sharP





$+(A_{1}(|x|)A_{2}($ $)\ldots A_{k}(|x|))^{-2}]dx$ .
Main result 2
$Th\infty rem2$ Let $n\geq 3,0\in\Omega$ and $\Omega$ is a bounded domain in $\mathbb{R}^{n}$ .
1. Noncritical case $(1 <p< \frac{n}{2})$
Assume $\gamma\geq 2$ , then there exists $K=K(n)>0$ and




for any $u\in W_{0}^{2,p}(\Omega)$ .
2. Critical case $(p= \frac{n}{2})$





for any $u\in W_{0^{\}}^{2}’(\Omega)$ .
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Remark 1 Sparpness
In (4) $\gamma\geq 2$ is sharp.
In (5) $\gamma\geq\frac{n}{2}$ is also sharp, and $(n\overline{\tau}_{n}2)^{n}$ is best constant.
Remark 2
In the proof of the noncritical case, $g(r)=r^{-2p}( \log\frac{R}{r})^{-2}$ should be monotone decreasing and
$R\geq re^{\frac{1}{p}}$ . Then $K=e^{\frac{1}{p}}$ .
Remark 3
In the proof of the critical case, $g^{*}(r)=r^{-n}(1o g\frac{R}{r})^{-\S-1}$ should also be monotone decreasing
and $R\geq re^{1}\dot{n}$ . Moreover we need the condition to absorb the error terms in the right hand side
of (5) with $C’>0$ , hence $K^{*}\geq e^{1\perp}\tau+,$ .
Remark 4
$C$ and C’ may depend on $R$ and $\gamma$ in a weak sense. Since $g(r)$ and $g^{*}(r)$ tends to zero as
$\gammaarrow\infty$ or $Rarrow\infty$ , therefore we can take $C$ and C’ to be bigger.
Corollary
Let $1<p< \frac{n}{2}$ and let
$F_{p}=\{f$ : $\Omegaarrow \mathbb{R}^{+}|f\in L_{1oc}^{\infty}(\Omega\backslash \{0\})$ ,
$\lim\sup_{|x|arrow 0}|x|^{2p}f(x)(\log\frac{1}{|x|})^{2}<\infty\}$
If $f\in F_{p}$ , then $\exists$ $\lambda(f)>0$ such that for $u\in W_{0}^{2,p}(\Omega)$
$\int_{\Omega}|\Delta u|^{p}dx\geq\Lambda_{n,p}\int_{\Omega}\frac{|u(x)|^{p}}{|x|^{2p}}dx+\lambda(f)\int_{\Omega}|u(x)|^{p}f(x)dx$
If $f\not\in F_{p}$ , moreover if $|x|^{2p}f(x)(\log_{\prod x}^{1})^{2}arrow\infty$ as $|x|arrow 0$ ,
then no inequality of the above type can hold.
5 Application
Consider the eigenvalue problem with a singular weight
$\Delta(|\Delta u|^{p-2}\Delta u)-\frac{\mu}{|x|^{2p}}|u|^{p-2}u=\lambda|u|^{p-2}uf$ in $\Omega$
(6)
$u=\Delta u=0$ on $\partial\Omega$
Here $f\in \mathcal{F}_{p}$
$\mathcal{F}_{p}=\{f:\Omegaarrow \mathbb{R}^{+}|\lim_{|x|arrow 0}|x|^{2p}f(x)=0$ , $f\in L_{1oc}^{\infty}(\overline{\Omega}\backslash \{0\})\}$
$1<p< \frac{n}{2},0\leq\mu<\Lambda_{n,p}$ and $\lambda\in \mathbb{R}$ .
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We look for a weak solution
$u\in W=W^{2,p}(\Omega)\cap W_{0}^{1,p}(\Omega)$ .
We define weak solution in the following way:
Deflnition $u\in W$ is said to be a weak solution of (4) if for any $\phi\in C^{2}(\Omega)$ with $\phi=0$ on
$\partial\Omega$
$\int_{\Omega}(|\Delta u|^{p-2}\Delta u\Delta\phi-\frac{\mu}{|x|^{2p}}|u|^{p-2}u\emptyset)dx=\lambda\int_{\Omega}|u|^{p-2}uf\phi dx$ .
Lemma For $u\in W$ $\exists$ $v\in W$ such that $v>0$ and
$\frac{\int_{\Omega}|\Delta u|^{p}dx-\mu^{*}\int_{\Omega}x^{p}u^{p}*dx}{\int_{\Omega}|u|^{p}fdx}\geq\frac{\int_{\Omega}|\Delta v|^{p}dx-\mu^{*}\int_{\Omega}xv^{p_{P}}*dx}{\int_{\Omega}|v|^{p}fdx}$.
Theorem
For all $1<p \leq\frac{n}{2}$ , $0\leq\mu<\Lambda_{n,p}$ , the above problem admits apositive weak solution $u\in W$
corresponding to the first eigenvalue $\lambda=\lambda_{\mu}^{1}(f)>0$ . Moreover, as $\muarrow\Lambda_{n,p}$ ,
If $\lim_{|x|arrow 0}|x|^{2p}f(x)=0$ , $\Rightarrow$ $\lambda_{\mu}^{1}(f)arrow\lambda(f)\geq 0$
If $\lim_{|x|arrow}\sup_{0}|x|^{2p}f(x)(\log\frac{1}{|x|})^{2}<\infty$ , $\Rightarrow$ $\lambda(f)>0$
If $\lim_{|x|arrow 0}|x|^{2p}f(x)(\log\frac{1}{|x|})^{2}=\infty$, $\Rightarrow$ $\lambda(f)=0$
6 Nrther results
Resent results due to H. Ando and T. Horiuchi










Resent results of missing terms for large $p$ due to T. Horiuchi







Fundamental facts and lemmas which are needed to prove the main results:
Rearrangement of domain and functions
Define a ball $\Omega^{r}$ such that $|\Omega^{*}|=|\Omega|$ with center at the origin. $u^{*}:$ denote the rearrangement
of a measurable function $u$
Lemma (Talenti)
Let $\Omega$ be a domain on $\mathbb{R}^{n},$ $n\geq 3$ and $f\in C_{0}^{\infty}(\Omega)$ .
If $u$ is the weak solution of Dirichlet $problem-\Delta u=f$
in $\Omega,$ $u|_{\partial\Omega}=0;v$ is the weak solution of Dirichlet problem
$-\Delta v=|f|$ in $\Omega^{*},$ $v|_{\partial\Omega}\cdot=0$ ; then $v\geq|u|^{*}$ pointwise.




$\frac{\int_{\Omega}|\Delta u|^{p}dx}{\int_{\Omega}x^{p}u^{p}*dx}\geq\frac{\int_{\Omega}.|\Delta v|^{p}dx}{\int_{\Omega}\cdot x^{p}v^{p}*dx}$
$l^{Rom}$ this we can assume that $u$ is radial and $\Omega$ is a ball.
Lemma 1. ([ACR])
For any $R>1$ , the inequality
$\int_{0}^{1}|h’(r)|^{2}rdr\geq\frac{1}{4}\int_{0}^{1}\frac{|h(r)|^{2}}{(\log\frac{R}{r})^{2}}\frac{dr}{r}$
10
holds for any $h\in C^{1}(0,1)$ , with $h(O)=h(1)=0$.
Lemma 2.
For any $R>1$ , and $\beta\leq 0,$ $\alpha\in(0,1)$
$\int_{0}^{1}|h’(r)|^{2}(\log\frac{R}{r})^{\beta}$ $rdr\geq$
$\alpha(1-\alpha-\beta)\int_{0}^{1}|h(r)|^{2}(\log\frac{R}{r})^{\beta-2}\frac{dr}{r}$
holds for any $h\in C^{1}(0,1)$ with $h(O)=h(1)=0$.
Lemma 3
Assume $f(r)\in C^{2}(B_{1}),$ $f(r)>0,$ $\Delta f(r)\leq 0$ . For $u(r)=f(r)v(r)$ $r=|x|$ ,
$\int_{B_{1}}|\Delta u|$ $dx\geq$
$\frac{n(n-2)}{4}\omega_{n}\int_{0}^{1}(v’(r))^{2}v^{n-\underline{4}}\urcorner(r)r^{n-1}|\Delta f(r)|^{\underline{n}_{\overline{7}}\underline{2}}f(r)dr$
$+$ $w_{n} \int_{0}^{1}v$ $(r)\{r^{n-1}|\Delta f(r)|$ $+$
$\partial_{r}[r^{n-1}(|\Delta f(r)|^{\mathfrak{n}-2}f’(r)-\partial_{r}|\Delta f(r)|^{\underline{n}-\underline{2}}5f(r))]\}dr$
for any $u\in C_{0}^{2}(B_{1})$
Lemma 4.(critical case)
For any $R>1$ and $u\in C_{0}^{2}(B_{1})$ ,
$\int_{B_{1}}|\Delta u|$ $dx \geq(\frac{n-2}{\sqrt{n}})\int_{B_{1}}\frac{|u(x)|^{\mathfrak{n}}\tau}{|x|^{n}}(\log\frac{R}{|x|})^{-\S}dx$
$+C^{*} \int_{B_{1}}\frac{|u(x)|^{n}\tau}{|x|^{n}}(\log\frac{R}{|x|})^{-\tau-1}dxn$
Sketch of proofs of lemma 4:
For $u(r)=f(r)v(r)$ , we set $f(r)=( \log\frac{R}{r})^{a}$ , $0<a<1$ . Then use lemma 3 and lemma 2.
8 A Sketch of Proof of Theorem 2
Case $1<p<7^{:}n$ (noncritical case)










$\beta=n+4-\frac{2n}{p}$ and $\alpha=\frac{(n-2p)(np-n)}{p^{2}}$ .
then apply these to
$\int_{B_{1}}|\Delta u|^{p}dx-(\frac{n-2p}{p})^{p}(\frac{np-n}{p})^{p}\int_{B_{1}}\frac{|u(x)|^{p}}{|x|^{2p}}dx$
and use lemma 1 to get
$\int_{B_{1}}|\Delta u|^{p}dx\geq(\frac{n-2p}{p})^{p}(\frac{np-n}{p})^{p}\int_{B_{1}}\frac{|u(x)|^{p}}{|x|^{2p}}dx$
$+C \int_{B_{1}}\frac{|u(x)|^{p}}{|x|^{2p}}(\log\frac{R}{|x|})^{-\gamma}dx$
For $\epsilon>0$ sufficiently small, let us deflne
$u_{\epsilon}=\{\begin{array}{ll}0, 0<r<\epsilon^{2}\frac{\log-\prime i}{\frac{r_{\log^{1}}^{p}\underline{n}-r_{\log\frac{1}{\epsilon}}}{r^{\frac{n-}{p}R}\log\frac{1}{c}}} \epsilon^{2}<r<\epsilon\epsilon<r<1\end{array}$















$\lim_{\epsilonarrow 0}I(w_{\epsilon})=\lim_{\epsilonarrow 0}\frac{\int_{B_{1}}|\Delta w_{\epsilon}|^{p}dx}{\int_{B_{1}}xw\varphi_{p}^{p}dx}\leq\Lambda_{n,p}$





Assume $0<\gamma<2$ . Optimality will follow if we can show for a unit ball $B_{1}$ that
$\inf_{u\in W_{O}^{2,p}(B_{1})\backslash \{0\}}I_{\gamma}(u)=\inf\frac{\int_{B_{1}}|\Delta u|^{p}dx-\Lambda_{n,p}\int_{B_{1}}x^{p}u^{p}*dx}{\int_{B_{1}}xuk_{\rho}^{p}(\log_{\Pi x}R)^{-\gamma}dx}=0$
Using a family $w_{\epsilon}\in W_{0}^{2,p}(B_{1})$ we have $\lim_{\epsilonarrow 0}I_{\gamma}(w_{\epsilon})=0$ Thus optimality follow. i.e. $\gamma\geq 2$ .
Case $p= \frac{n}{2}$ ( critical case)
We shall prove for $\gamma=\frac{n}{2}$ ,
$\int_{\Omega}|\Delta u|^{*}dx\geq(\frac{n-2}{\sqrt{n}})^{n}\int_{\Omega}\frac{|u(x)|\tau n}{|x|^{n}}(\log\frac{R}{|x|})^{-\gamma}dx$
$+C^{*} \int_{\Omega}\frac{|u(x)|\}{|x|^{n}}(\log\frac{R}{|x|})^{-\gamma-1}dx$
In this case the inequality follows immediately from Lemma 4 together with the symmetrization
arguments.
sharpness of $(\overline{\tau}_{n})$
To show sharpnaes, we use the test function
$z_{\epsilon}=( \log\frac{R}{r+\epsilon})^{\frac{n-2}{n}}-(\log\frac{R}{1+\epsilon})^{\frac{n-2}{\mathfrak{n}}}$
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then we can show
$\lim_{\epsilonarrow 0}\frac{\int_{B_{1}}|\Delta z_{\epsilon}|^{\frac{n}{2}}dx}{\int_{B_{1}}\frac{|z_{\epsilon}|\}{|x|^{n}}(\log_{\Pi x}^{R})^{-\frac{n}{2}}dx}=(\frac{n-2}{\sqrt{n}})^{n}$
Optimalty of $\gamma$
We use the same test function $u_{\epsilon}$ with $p= \frac{n}{2}$ , and
$w_{\epsilon}= \int_{r}^{1}u_{\epsilon}(\rho)d\rho$ . Then for $0< \gamma<\frac{n}{2}$
$\lim_{\epsilonarrow 0}\frac{\int_{B_{1}}|\Delta w_{\epsilon}|^{n}\tau dx}{\int_{B_{1}}\frac{|w.|\}{|x|^{n}}(\log_{\Pi x}^{R})^{\gamma}dx}=0$
Thus optimality folow. i.e. $\gamma\geq\frac{n}{2}$
9 A Sketch of proof of Theorem 1
Lemma Assume $u\in C_{0}^{2}(B_{1})$ is radial and $u(r)>0$ where $r=|x|$ . Set
$v_{1}(r)=u(r)r^{\urcorner}A_{1}(r)^{-:}’\iota-\underline{2}$
and
$v_{k}(r)=v_{k-1}(r)A_{k}(r)^{-\}}$ for $k\geq 2$ .







for all $k\geq 1$ .
Proof Since $R\geq e_{k},$ $A_{:}$ is deflne for all $1\leq i\leq k$ . Then direct calculation gives








Proof of the $Th\infty rem2.1$
For $k\geq 1,\alpha>0$ we set
$z_{k}(r)=\{\begin{array}{ll}A_{k}(r)^{-\text{ }}, 0<r\leq R1A_{k}(R1)^{-} \text{ } *^{1or}\log R1<r<1.\end{array}$









We shall prove using inductive argument that $\frac{1}{4}$ is sharp coefficient for every missing terms.
$\int_{B_{1}}|\nabla u(x)|^{2}dx-(\frac{n-2}{2})^{2}\omega_{n}\int o^{1}v_{1}(r)^{2}A_{1}(r)\frac{dr}{\ovalbox{\tt\small REJECT} r}w_{n}\int_{0}^{1}v_{1}(r)^{2}A_{1}(r)^{-1}\frac{dr}{r}=\frac{1}{4}+$
$+ \frac{\int_{0}^{1}v_{1}’(r)^{2}A_{1}(r)rdr}{\int_{0}^{1}v_{1}(r)^{2}A_{1}(r)^{-1}\frac{dr}{r}}$ .




Hence from (9) and (10) the ratio
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$\frac{\int_{0}^{1}z_{1}’(r)^{2}A_{1}(r)rdr}{\int_{0}^{1}z_{1}(r)^{2}A_{1}(r)^{-1}\frac{dr}{r}}arrow 0$
as $\alphaarrow 0$ . Thus $\frac{1}{4}$ is sharp in inequality (5) for $k=1$ .
OPTIMALITY OF THE EXPONENT 2




But from (7) for $k=1$ we have
$I_{\gamma}(v_{1}(r))= \frac{\not\supset 1_{\int_{0}^{1}v_{1}(r)^{2}A_{1}(r)^{-1}\frac{dr}{r}+\int_{0}^{1}v_{1}’(r)^{2}A_{1}(r)rdr}}{\int_{0}^{1}v_{1}(r)^{2}A_{1}(r)_{r}^{1-\gamma d}z}$ .
Then using the test function we get
$/0\pi_{Z_{1}(r)^{2}A_{1}(r)^{1-\gamma}\frac{dr}{r}=\frac{1}{\alpha+\gamma-2}A_{1}(\frac{1}{R})^{-\alpha-\gamma+2}}1$
$\int_{0}^{1}\pi z_{1}’(r)^{2}A_{1}(r)rdr$ and $\int_{0}^{*}z_{1}(r)^{2}A_{1}(r)^{-1}\frac{dr}{r}$
are finite respectively for $\alpha>0$ . Since $0\leq\gamma<2$ , then from (9) we have for a given test function
$z_{1}(r)$ defined in (9), $I_{\gamma}(z_{1}(r))arrow 0$ as $\alphaarrow 2-\gamma>0$ . Therefore $\gamma\geq 2$ and 2 is optimal.
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